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Abstract In this paper, we derive upscaled equations for modeling biofilm growth in porous
media. The resulting macro-scale mathematical models consider permeable multi-species
biofilm including water flow, transport, detachment and reactions. The biofilm is composed
of extracellular polymeric substances (EPS), water, active bacteria and dead bacteria. The
free flow is described by the Stokes and continuity equations and the water flux inside the
biofilm by the Brinkman and continuity equations. The nutrients are transported in the water
phase by convection and diffusion. This pore-scale model includes variations of the biofilm
composition and size due to reproduction of bacteria, production of EPS, death of bacteria
and shear forces. The model includes a water-biofilm interface between the free flow and the
biofilm. Homogenization techniques are applied to obtain upscaled models in a thin channel
and a tube, by investigating the limit as the ratio of the aperture to the length £ of both
geometries approaches to zero. As ¢ gets smaller, we obtain that the percentage of biofilm
coverage area over time predicted by the pore-scale model approaches the one obtained
using the effective equations, which shows a correspondence between both models. The two
derived porosity-permeability relations are compared to two empirical relations from the
literature. The resulting numerical computations are presented to compare the outcome of
the effective (upscaled) models for the two mentioned geometries.
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Channel/Tube length

Matrix (derivatives of water velocity)
Pressure

Péclet number

Water velocity

Vector (cylindrical coordinates)

Radial coordinate

Reaction term

Tangential shear stress
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Dependent variable: biofilm height (tube)
Integration coeflicient

Vector (Cartesian coordinates)
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Integration coefficient
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Cartesian/Cylindrical coordinate

Domain boundary
Small regularization parameter
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0 Lowest order term (asymptotic expansion)
~ Dimensionless parameter/variable (channel)
Dimensionless parameter/variable (tube)

Abbreviations
EPS Extracellular polymeric substance
MEOR Microbial enhanced oil recovery

1 Introduction

Biofilms are sessile communities of bacteria housed in a self-produced adhesive matrix
consisting of extracellular polymeric substances (EPS), including polysaccharides, proteins,
lipids and DNA (Aggarwal et al. 2015). The proportion of EPS in biofilms is 50% to 90% of
the total organic matter (Donlan 2002; Vu et al. 2009). Water is by far the largest component
of the matrix, giving biofilms the nickname ‘stiff water’ (Flemming and Wingender 2010).
Biofilms provoke chronic bacterial infection, infection on medical devices, deterioration of
water quality and the contamination of food (Kokare et al. 2009). On the other hand, biofilms
can be used for wastewater treatment and bioenergy production (Miranda et al. 2017). In
microbial enhanced oil recovery (MEOR), one of the strategies is selective plugging, where
bacteria are used to form biofilm in highly permeable zones to diverge the water flow
and extract the oil located in low-permeability zones (Raiders et al. 1989). In wastewater
treatment, one of the strategies consists of using biofilms to break down compounds which
are not desirable to discharge into the natural environment (Capdeville and Rols 1992).

Two of the motivations to derive upscaled models are to accurately describe the average
behavior of the system with relatively low computational effort compared to fully detailed
calculations starting at the microscale (van Noorden et al. 2010) and to determine effective
parameters (Helmig et al. 2002). The values of these effective parameters can be determined
using known values from pore-scale experiments. Recent works have been carried out to
derive upscaled models, e.g., Collis et al. (2017) obtained a mathematical model describing
macroscopic tumor growth, transport of drug and nutrient through homogenization and Jin
and Chen (2019) upscaled a pore-scale model for primary fluid recovery and showed that
the macroscopic equation for the water flux is fundamentally different from Darcys’ law. We
also refer to Peszynska et al. (2016) where the authors upscale a pore-scale model for biofilm
growth and compare to experimental results and Schulz (2019) where the author derives
effective quantities for a permeable biofilm in a perforated domain. In contrast to Schulz
(2019), we consider different pore geometries and a multi-component biofilm.

The present work builds on Landa et al. (2019), where a pore-scale model is discussed.
The model includes permeable biofilm and evolution of different biofilm components: ac-
tive bacteria, dead bacteria and EPS. The importance of including biofilm permeability
is underlined by the fact that the dominated mechanism of nutrient transport within some
biofilms is convection (Lewandowski and Beyenal 2003). This mathematical model is based
on laboratory experiments performed by Liu et al. (2019), where the biofilm was grown
in micro-channels. Here we upscale this pore-scale model to derive effective equations, by
investigating the limit as the ratio of the height to the length of the micro-channel approaches
to zero.

In this general context, the objective of the research reported in the present article is to
obtain core-scale models (also known as Darcy-scale or macro-scale models) for permeable
biofilm in two different pore geometries: a thin channel and a tube. The motivation for
choosing these two geometries is because experiments are performed in the laboratory in
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Fig. 1: Conceptual pore-scale model showing the processes for the biofilm dynamics.

micro-channels (Liu et al. 2019) and tubes (Bott and Miller 1983), they may represent a
fracture in a core sample (Bringedal et al. 2015) and some porous media can be modeled as
a stack of micro-tubes or micro-channels (van Noorden et al. 2010).

To summarize, the novel aspect in this work is the derivation of core-scale models
from a pore-scale model for a biofilm which is permeable to the flow and has a variable
(in time and space) height. The fluid flow in the biofilm is modeled by the Brinkman
equation, whereas in the remaining pore space the Stokes model is adopted. This is done for
two different geometries. We derive analytical expressions for the upscaled quantities and
provide numerical simulations for the upscaled models in both cases.

The structure of this paper is as follows. In Section 2, we describe the pore-scale biofilm
model. In Section 3, we present the dimensionless pore-scale biofilm model. In Section. 4,
we perform formal homogenization on the model equations and obtain upscaled equations.
In Section 5, we compare the upscaled models with the upscaled model of van Noorden
et al. (2010) and with the well-known core-scale model of Chen-Charpentier et al. (2009).
We compare the derived porosity-permeability relations to empirical porosity-permeability
relations from the literature. Also, we perform numerical simulations in the upscaled models
and we compare the results for the biofilm height and nutrient concentration for the two
different effective models. Finally, in Section 6 we present the conclusions.

2 Pore-scale model

The pore-scale mathematical model considered here follows ideas from Alpkvist and Klapper
(2007) ,van Noorden et al. (2010) and Deng et al. (2013). A detailed description of this model
can be found in Landa et al. (2019), where a comparison of laboratory measurements and
numerical simulations is also presented.

The biofilm has four components: water, EPS, active and dead bacteria (j = {w,e,a,d}).
Let 6; and p; denote the volume fraction and the density of component j. The sum of
volume fractions is constraint to 1 (6, + 6, + 6, + 64 = 1). Given that biofilms are mostly
water (Flemming and Wingender 2010), we assume that the volume fraction of water 6,, is
constant. The biomass phases and water are assumed to be incompressible (d;p; = 0) and
the biofilm layer is attached to the pore walls. Fig. 1 shows schematically the phenomena
considered for the biofilm formation.

We consider two different pore geometries: a tube in cylindrical coordinates r = (r,¢,z)
and a thin channel in Cartesian coordinates x = (x,y,z). The z direction is taken along the
length L of the tube and thin channel (see Figs. 2 and 6). In the first case, the pore has
circular cross-section and in the second a rectangular one. In both cases, the length is much
larger than the cross-sectional aperture. In both cases, we assume a certain symmetry. For
the cylindrical pore we assume that the processes are radially symmetric, hence there is
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Fig. 2: Pore of radius o and length L in cylindrical coordinates.

no angular dependence (see Fig. 2). For the thin channel, there are no changes in the x
direction, i.e., the width of the channel, so it can be reduced to a two-dimensional strip
(see Fig. 6). This assumption is based on experiments, showing that when the width of the
channel is much smaller than its height, the growth of the biofilm occurs only at the upper
and lower walls along the channel (Liu et al., 2019). We present in detail the upscaling
of the model equations on the tube geometry. The upscaling on the channel geometry is
shown in Appendix A. Fig. 2 shows the different domains, boundaries and interface in the
pore with tubular geometry. We consider a thin tube of radius ¢ and length L. We denote
the biofilm height by d which only depends on z and time as a result of the symmetry
assumption. The domain is occupied by the water Qr,,(t) = {r| r € [0,0—d(z,1)), ¢ €
[0,27), z € (0,L)} and biofilm Qr 5 (1) = {r| r € (0 —d(z,1),0), ¢ € [0,27), z € (0,L)} phases
with the biofilm located along the tube wall I'r ; = {r| r = o, ¢ € [0,27), z € (0,L)}. Clearly
r = o—d(z,t) separates the water and biofilm regions. The water domain has three boundary
parts: the inflow I'r ;,,(t) = {r| r € [0,0—d(z,1)), ¢ € [0,27), z = 0}, the outflow I'r 4, (r) =
{r|r €[0,0—-d(z,1)), ¢ € [0,27), z = L} and the interface between the water and the biofilm
I'rwp(t) ={r|r = 0—d(z.t), ¢ € [0,27), z € (0,L)}. Similarly, for the biofilm we have the
inflow I'rip(2) = {r| r € (0 —d(z,1),0), ¢ € [0,27), z = 0} and outflow ['r ,p(t) = {r| r €
(0—d(z,1),0), ¢ € [0,21) z = L} boundary parts, the water-biofilm interface I'r 5 (¢) and
the solid tube wall I'r ;. Although the tube is a three-dimensional domain, recalling the
rotational symmetry, we only write the r- and z-components of the vectors in order to reduce
the length of the mathematical expressions.

The unit normal v pointing into the biofilm and the normal velocity of the interface v,
can be written in terms of the biofilm height d as (van Noorden et al., 2010)

v=(1,0.d)" |1+ .d)% vp=-08,d/\J1+(0.d> at Tru(0). (1a,b)

The water flux outside the biofilm Q7 ,, (¢) is described by the Stokes and continuity equations

/JAqw = VPW7 V'qw =0 in QT,W(Z) (Za’b)

while the water flux inside the biofilm Qr ;(¢) is described by the Brinkman and continuity
equations

(1/0w)Agp — (u/k)gp =Vpp, V-qp =0 in Qrp(t). (3a,b)

Here p,, and p,, are the water pressures and q,, and q;, are the water velocities in the water
domain and biofilm domain respectively; u is the water viscosity (constant, not dependent on
biofilm species) and k is the permeability of the biofilm (assumed isotropic). The Brinkman
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model can be derived by upscaling assuming that the volume of the porous medium skeleton
is much smaller than the volume of the reference cell (Hornung, 1997). As biofilms are
mostly water, then the Brinkman model is a good choice to model water flux inside biofilms.
At the interface I'r 1, (#) one has the continuity of the velocity and of the normal stress tensor

@ =, v+ | (Vaw +Vak) =1pu | =v- [ (u/64) (Var + Vab ) ~1ps | at Tros(t) (ad)

where I is the identity matrix. At the wall I'r ; we consider the no-slip boundary condition
q, =0.

To model the nutrient transport and consumption, we let ¢, (@ € {w,b}) stand for the
nutrient concentration in water or biofilm (mass per total volume of biofilm) respectively
and D is the nutrient diffusion coefficient in water. Then, the nutrients in the water Qr ,,(¢)
satisfy the convection-diffusion equation

Ocw +V-Jy, =0, J, =-DVc, +qyc, in Qr (1) (5a,b)
and in the biofilm Qr ;(¢) satisfy the convection-diffusion-reaction equation
0 (HWC[,)+V'JI, =Ry, Jp=-6,DVcp, +qpcp in QTJ,(Z) (6a,b)

where J,, and J}, are the nutrient flux outside and inside the biofilm respectively. Further at
I'r wp(t) we impose the mass conservation and continuity of nutrient concentration

(Jb _JW)'V = Vn(awcb _cw)a Ch =Cy at FT,wb(t)- (7a,b)

At the solid wall I'r ¢ the normal flux is v - J, = 0, where v is the normal vector at the pore
wall. The reaction term Rj, for the consumption of nutrients is given by

Ry = —unOapace[(ky+cp) in Qr p(t) (8

where p,, is the maximum rate of nutrient consumption and k,, is the Monod-half nutrient
velocity coefficient.

The movement of the biomass components 6; in Qr ,(¢) due to reproduction, production
of EPS and death of active bacteria can be modeled as a Darcy flow (Alpkvist and Klapper,
2007). We denote by u the velocity of the biomass and ® the growth velocity potential. Then,
we consider the following equations (Alpkvist and Klapper, 2007; Landa et al., 2019)

u=-Vo, V-u=(1-60,)"%(Ri/pi), i€{ead} in Qr,r). (9a,b)

The growth velocity potential is set to zero ® = 0 at the interface I'r ,,;(¢) and homogeneous
Neumann boundary condition v- V® = 0 on the wall I'r .

For each of the biomass components 6; in Qr ;(f), we impose mass conservation (Alp-
kvist and Klapper, 2007)

pi0:0; +piV-(O;u)=R;, i€{ead} in Qr (1) (10

and Neumann condition v- V6; = 0 at the interface I'r ,;5(f) and v- V6; = 0 on the wall I'r ;.
The reaction terms for the biomass components are given by

R,y = kresgapa’ R.=-Y.Rp,, R,=-Y,Rp- kreseapa in QT,h(t) (1 laab’c)

where ¥, and Y, are yield coefficients and k, . is the bacterial decay rate.
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The water-biofilm interface changes in time due to changes inside the biofilm and the
water flux provoking detachment of components which is known as erosion. Thus, the normal
velocity of the interface I'r ,,(f) is given by (van Noorden et al., 2010)

fr(v-u), d=o
V=19 V-u+kg,S, O0<d<p atTIr,) (12)
0, d=0

where f*(x) = max(0,x). Here kg, is the stress coefficient and S is the tangential shear
stress, given by (van Noorden et al., 2010)

S=1T-whu(Vgw +Vghvll at Trp(0). (13)

Advanced numerical schemes are necessary to solve this mathematical model as it involves
a moving interface. When the pore is clogged, the active bacteria keep dying, consuming
nutrients and producing EPS which leads to changes in the volume fractions of biomass
components. In this model we ensure that the biofilm-water interface does not overlap by
taking the positive cut f* when d = o. This pore-scale model can be extended to consider
more complex systems. For example, one can add different kind of nutrients, different active
bacteria species in the biofilm or bacterial attachment.

3 Non-dimensional model

Before seeking an effective model, we bring the mathematical equations to a non-dimensional
form. To this aim, we introduce the reference time #..r, length L,..r, radius g,.r, water
velocity grefr = Lyef/trey, biomass velocity u,..r, pressure p,.r and concentration c¢,r. The
thin tube is characterized by the ratio of its radius to the length & = 9,¢f/L,cr, which is
called the dimensionless aspect ratio. We define dimensionless coordinates and time as
F=7/0ref, 2=12/Lyey and f = t/t,.¢. The non-dimensional biofilm height is given by d=
d/0res. The non-dimensional unit normal (1) is given by ¥(7,2) = (1,0;d)" /1 + (£0;d)>.
We notice that a factor of & appears in the second component of the non-dimensional unit
normal, as a result of the transformation of the coordinates

1 0 d 1 o - -
0.d = —— {0 ——| = —— <= (0rerd) = £0:d.
< Lref 0z (Q eref) Lref aZ(Q f ) oz

Note that we have omitted the dependence of the vector variables on ¢ (V(7,¢,7) = ¥(7,Z)). This
is justified by our assumption of the radial symmetry. The non-dimensional nutrient concen-
trations and densities are given by ¢,, = ¢, /Cref, Cp = Cp [Crep and p; = p;[crey (i € {e,a,d}).
The water velocities are given by §w(7.2) = (Gw,7, QW,Z)T = (‘Iw,r/(8qref)’QW,Z/qref)T
and Gp,(7,2) = (Gp.7> Gb.z)" = (qb.r /(EQref)sqb.z/qrer) - The biomass velocity is given by
a(7,z) = (it7, itz)" = (ur [(eUrer),uz [Urer)” . We assume that the velocities in the radial di-
rection are of the order p,.r/t.r (see van Noorden et al., 2010). Hence, they scale by 1/&
when compared to the longitudinal velocities. The biomass volume fractions are dimen-
sionless; therefore, in the non-dimensional model we simply define 8; = 6;, i € {w,e,a,d}.
Finally, the pressures and growth velocity potential become p,, = py./Pref, Pb = Pb/Prefs
D =D/(%uye rLrer). We observe that the growth velocity potential @ is scaled by 1/ £%in
order to have the biomass velocities in the radial direction of the order p,cf/t.r (see van
Noorden et al., 2010). We define the following dimensionless parameters Pe = g,¢r L cr/D,
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:an = tref.un, ]En = kn/cref7 ]E = k/Qzefv ﬂ = /lLrefqref/(Qzefpref), ]Estr = prefkstr/uref
and kyes = tre rkres. The domains and boundaries are scaled accordingly.

In this way, the dimensionless system of equations for the water flux (2-4) is given by

1 __ _ .=
;3f (Fgw,7) +0zGw,z =0 in Qr (1), (14)
|1 L _ Gw 7 | 24 - R
/J[;af (707 Go.7) + 202G 7 — 61:2 =20y in Qr (@), (15)
S S ] _ -
#[;5f (FOFGw.z) + 202Gz | = Oz P in Qr,.(7), (16)
1 __ _ . A
;6; (FQb’;) +a‘qb,z =0 m QT,b(f)’ (17)
oo (1, - Goi| i o4 - -
£ [tﬁf(raf%,f)+82352%,f— —| = ng,f +&720: P in Qr (7)), (18)
Ow L7 r k
p 16_ _6__ B 262— _-_/‘-t— _ 8‘_ . Q ]9
5 |70 (F0rdvi) +&°0:0b.2| = Z bz +0cPp in Q7 (@, (19)
w J

w w

at Trp (D), (20)

26y s =& P =24 p iy + &7y = 0 [eﬁ (0.2 + 22027
-f (afq_w,i + Szazqw,f) ]

a (&%,z +‘92‘92q_w,f) = 3zd_(2820—£6z67b,z

w

—pp =28 [10: Gy 2 +ﬁw)

+ 2 (91 +&20:n7)  at Fran@. @D

w
(Gw.7> Gw.z) = (@b.7> Gb.z) at Ty wp(7), (22)
(Gb.7» Gb,z) =(0,0) on I'7 (23)

where (14-16) are the dimensionless Stokes and continuity equations, (17-19) are the di-
mensionless Brinkman and continuity equations, (20-22) are the dimensionless interface
conditions and (23) is the dimensionless condition on the wall.
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The dimensionless equations for the transport of nutrients (5-7) in the water and biofilm
are given by

1 -
O7Cw " e “— 05 (FOrCw) + 026 | + =07 (FGw 7 Cw) + 0z(Gw 26w) = 0 in Qr (D), (24)
r r
= Q_W g2 L _
a1?(0wc_h)— P_e [Tﬁ;(rafcb)+6§ch

1 [5‘2

1 _ _
+ ;6F('_'C?b,fc_b) +0:(qp,zCp) = Rpin Qr (1), (25)

-
£ o _ _ S
“Pe (07¢y — 0\, 07Cp) = (CbGp, 7 — CuwGw, i) + 07 d(0,,Cp — Cyy)

od ] )
+é(625w =0y 0zCp) + azd(c_’bqb’z - quw,z) =0 at rT,wb(t_), (26)
Cp = Cyat 1:‘T,wb(l?)’ (27)

07¢, =0 on Ir (28)

where (24) is the dimensionless transport equation of nutrients in the water domain, (25)
is the dimensionless transport equation of nutrients in the biofilm domain, (26-27) are the
dimensionless coupling conditions at the interface and (28) is the dimensionless condition
on the wall. The dimensionless reaction rate (8) for the consumption of nutrients is given by
Rp = —fin0apaCp/(kn +Cp).

The equations for the growth velocity potential (9) become

fref [laf(faf)wzﬁz] =% in Q7 (), (29)
Gref LT

(it7 itz) = —(0:D,£0:®) in Qr (D), (30)

d=0 at T up (), (31)

0d=0 on I_“T’s (32)

where (29-30) are the dimensionless equations for the biomass growth velocity potential,
(31) is the dimensionless reference potential at the interface and (32) is the dimensionless
condition on the wall. We define the dimensionless sum of the biomass reaction terms as

L= (] _éw)_l[(yepu/pe + Yu)/jnéac_b/(]zn +c_b) + (ﬁa/pd - 1)15res0_a]~

The equations for the biomass components (10) become

Uref b

at_ée + _(ﬁfafg_e + ﬁiﬁiée) = Yeﬂnéa p__u = — ée2 in QT,h(f)> (33)
dref Pe ky +Cp
= Uref  _ ~ _ ~ _ = Cp - = - o . =
0704 + (470704 +1170:04) = Y104 = — —kpesOa — 0,2 in QT,b(t-)’ (34)
dref kn +Cp
_ Uref , _ _ _ _ - Pa = _ - L =
85041 + (ufafgd + uiaied) =kres—0q— 04 n QT,b(E)’ (35
qref Pd
070, +£0:d0:0; =0 i€ {e,a,d} at Ty wp(F),  (36)
8:0; =0 ic{ead) on 7 37)

where (33-35) are the dimensionless conservation of mass equations for the biomass com-
ponents, (36) is the dimensionless condition at the interface and (37) is the dimensionless
condition on the wall.
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The dimensionless biofilm height (12) is given by

(g —_3z‘d_ﬁz)uref/6]ref), .
0rd = (_’ZF - 62d”_ti)uref/Qref -Vi+ (8aid)28kstr§,
0,

Il
—_

<d<1 at I7,p(?) (38)
0

QU O ]

where f~ is the negative cut (f~(x) := min(0,x)). The dimensionless tangential shear stress
(13) is given by

S = I@-v7")aM+M" )7l at Tr s (D) (39

where the matrix M is given by

- OrGw,i €0zqw,i =
M= .72 - at I” 1). 40
e 0 Gz 0zGw.z Twb (D) “0)

4 Upscaling

The pore-scale mathematical model describes the biofilm formation in a three-dimensional
domain. Under some model assumptions, when the length of the tube is much larger than its
radius, it is possible to reduce the dimensionality of the problem from three to one dimension,
letting the aspect ratio & approach to zero. We perform a formal asymptotic expansion of the
variables depending on &, namely p,,, Py, Cws Cb» Gvs @b it, D, Oy, 0., 04, 04 and d. For
all except d we assume y(F,7) = yo(F.,7) + £ 1 (F,7) + O(?). The corresponding asymptotic
expansion of d is d(z,7) = dy(Z,7) + d(z,7) + O(g2). In van Noorden et al. (2010), Kumar
et al. (2014) and Bringedal et al. (2015), the authors present upscaled models of pore-
scale mathematical models for reactive flows. Following the same ideas, we can obtain the
corresponding upscaled model in the tube pore geometry.
We define the average water velocity (g) as the following integral

1 2 1-dy 1
(@DED = (@) ED+ (@) ED = ~ / ( / oo 2.0FdF + / _qb,z,ofdf)dsa. @1)
T Jo 0 1-dy

Notice that we divide by the cross-sectional area of the tube. We consider the following
spatial regions in the tube:

[

w={Fl0<F<1-d AN0<@<2m A 71 <Z<71+6z},
p={F|1-d<F<1A0<@p<2r Az <Z<z71+62).

[1]

These regions are a disk of radius 1 —d and a ring of thickness d respectively; both of length
0z. Integrating (14) and (17) over the previous regions and using the Gauss’s theorem, we
obtain

_ _ _ _ Z1+6z _
0= / V-qwdw/ V-qbdvzzn/ (1-d)g-7|._,_zdZ
Eu Ep zZ

1

1-d 71+6z2 _
+2”/0 (‘?W’fiz:zu& N q_W’5|z:z1 ) Fdr - 2”/ [(1 —d)gp- ‘_'if:lﬂi +qp- 9';:1] dz
Z

1
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Recalling the no-slip condition for the water flux on the wall (23) and the continuity of fluxes
at the interface (22), the previous equation becomes

1-d 1
[ e Ly (N 4 R L S

Dividing the previous equation by dz and in the limit where §z approach to zero, we obtain
for the lowest-order terms in &

02(q) = 0z(qw)(2.1) + 0z(qp )(2,1) = 0

where we use the definition of the average water velocity (g) (41).

The lowest order terms in the Stokes model (14-16) lead to
07 (FGw.7,0) [T +0zGw,z,0 =0, Oppw,o=0, [O(Fd;Gw z,0)/T =0zpwo.  (42a,b,c)

From (42b), we conclude that p,, o does not depend on the 7 coordinate. Analogously, for
the Brinkman model (17-19), the lower-order terms in & give

07 (Fdp.7.0) /7 +0z4p20=0, 8;pp0=0, [0:(FOGb.z.0)/(FOw)— Adpz.0/k = dzpb 0.

(43a,b,c)
From (43b), we conclude that pj, ¢ also does not depend on the 7 coordinate. Since neither
Pw.o nor pp, o depend on the 7 coordinate and from the lowest order terms in (20) we have that
Pw.0 = Pb.o at the biofilm-water interface, we obtain that p,, o(Z,7) = pp.o(Z.f) = po(Z.f). We
turn our attention to equations (42c) and (43c). It is possible to find solutions for g, 7,0 and
qp 7,0 integrating twice with respect to 7 both equations and in addition using the symmetry,
interface and boundary conditions (21-23). After integration, we get

Gw.z.0=(FJ4+E)0:po/fl,  Gp.z,0 = (FIo(EF) + GYo(=¢F) — k)2 po/ fi (44a,b)

where & = i/0,, /k, i is the imaginary number and J, (Z) and ¥, (%) are the Bessel functions of
order v of first and second kind respectively (see Olver, 2012). The Bessel functions appear
naturally when solving elliptic equations in cylindrical coordinates and are widely used in
various areas such as nuclear physics, acoustics and hydrodynamics (Korenev, 2002). The
coefficients appearing in (44) are

2w0,0 [Jo(E)Yo(=¢w) = Jo(EW)Yo(=€)] + ER[Jo(§w)Yi (=6w) + Yo (=éw) 1 (€W)]

E= A& @)Y (—Ew) + EXo(—E) 1 (Ew)]
AR WV (—w) + To(—E) 1 (Ew)]
AETEN (—Ew) + EVo(—EV T Ew)]
o 2RENEW) b H(-E) _2RENEW) Wl dol€)
AEDEN(~Ew) + ERONEN] ©  AEI@Ni(~Ew) + EXo(—E) 11 Ew)]

where w = 1 — dy. We remark that most of the mathematical commercial software include
Bessel functions; therefore, it is easy to use the above expression. Although the Bessel
functions are evaluated with complex numbers, both fluxes g, z o and g5 z o are real numbers.
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To obtain the water velocity defined in (41), we integrate (44) as follows

d:Po 2 1-dy 1 _
(Gy= == / { / [7* /4 + E]FdF + / [FJo (7€) + GYy (—F€) — k| fdf}dgo
T Jo 0 1-dy
= 2{w*/16+ Ew? /2= [FYi(=€) = GJ1(£) = Fwi (-w&) + GwJi (wé)]
—k(1=w?)/2}0zpo/ 1

= —«kr(do)Ozpo/ .
This gives the Darcy’s law (G) = —«r(do)dzpo/ fi, where kr(dp) is the effective permeability
given by

4

kr(do) = _‘% _ W2 4 2N - GHE) — Fwh (-wé) + Gw/i(we)]

&

which changes according to the biofilm height (w = 1 — dp).

+k(1-w?)

The growth velocity potential equations (29) and (30) for the lower-order terms in & are
Uref|0p(Fity 0) [T + 021,01/ Grey = Zo, iir,0 = — 07Dy, izo0=0 (45a,b,c)

where the boundary conditions for the interface (31) becomes @ = 0 and wall (32) becomes
6;(1)0 =0.

In dimensionless form, the volume fraction equations (33-35) are
81‘9_[ +u,ef(ﬁ;6;9',- +ﬁzaz§[)/qref = R[ —9_,-2, i ={e,ad}. (46)

We focus on biofilms where the biomass components change slightly along the 7 direction,
resulting in the approximation 6; o(7,z,7) = 8; o(z,). Using (45c¢), the lower-order terms in
(46) are 8;0_,"() = Ri’() - H_i,oio.

Integrating (45a) over 7 (itz o = 0 from (45c)), we get an expression for iz ¢ which cannot
fulfill both conditions at the same time: itz o = O on the wall and it7 o < oo when 7 = 0. For
the channel, the solution is a function such that fulfills the homogeneous Dirichlet condition
on the wall and is equal to (gref/ure f))_:() when the channel is clogged. Then, we consider
the following expression for the radial biomass velocity

_ qref

irp= —LZ(F2 - 1) 47)

Uref

where the squared dependence on the radius honors the radial geometry, as it is shown for
the nutrients below.

For the nutrients, integrating (24) and (25) over 7 and ¢ yields

1-d 1 1
27 / {a,—e-w -— [g-zjaf(fa;c-w) +02¢6,
0 Pe r

1
+ ;a;(qu’f(?w) + az(qw’zc_’w)} rdr = O,

1 o _
) + ;(’k(r%,f%) +0z(qp,zCp)

. _
_ O [ 1. . _ _
27 / {8;(«9wc_b)—— [s 2= 07(FO5Cp) + 02 Cp
1-d Pe r

N L }fdf - 0.
kn +Cp
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Interchanging the integration and the differentiation operators, these equations become

1-d 1
/ (_6Z_EW _q_w,z_c_’w)’:d'7
0 Pe
1 o r .
-0 d r6 Cw — T qw,zCw - z—rafcw—rqw,fcw
F=1-a \&Pe F=1-d

1 1 o
_ _ - Ow ., -~ _\_,.
(9;(/ ch_bfdf) - Qwagd(c‘bf)i__]_d - 0; [/ (—azcb - qb,gcb)rdr]
1-d "= 1—q \ Pe

(8 6
+5zd(—wfazc_b—ff?b,zc_b) —(—Wfafc'b—ffib,fc'b)
Pe F=1-d

1-d
6,(/ cwm'r)+6ta,'(rcw)|_1 a-0z
0

&2Pe

=1

! b,
+ fnfaba = rdr =0.
F=1-d 1

+( O 705
7O7C r C
“2Pe b —Tqb,7Cb e

The lower order terms in the equations for the conservation of nutrients (24) and (25)
are 0r(707Cy,0) = 0 and 0z(FdrCp o) = O respectively. The interface coupling condition (27)
becomes ¢y, o = ¢p,0 While the boundary condition on the wall (28) becomes 07¢p 0 = O.
From these equations we conclude that ¢,,, o and ¢ ¢ do not depend on r, yielding ¢, o(Z,7) =
Cp,0(Z,f) = ¢o(Z,f). Then, using the aforementioned results, the equations for the nutrients can

be written as
1 - 1-d 1=do
Sorleo(1 - do)’) -0 [( e ]+a( o [ l?w,f,ofdr") ~o,

L 0G0t = (1= o]} -0 [1"(1""_0)25 a-]+a ( /I 7 ‘d‘)

5 0ribwcoll — (1 — =0z | ——F=5—0w0zC z | C z,ordr

) 1w C0 0 Z 2Pe zC0 z 1 €0 do qb.z,0
1—(1—610)2 o

ﬂnpagu 0=

=0
2 kn + ¢

where we use the interface condition (26). Then, adding both previous equations we finally
obtain

C
] 1= (1 = do)*1infa,0p 0 ———
k,, + Co

®T (d07 w)

(0O (do,0)] + 0z Pe

co{(q) -

where we define O7(dp,0,,) as
Or(do.Ow) = (1= do)* + 8, [1 - (1 - dp)*].
We focus on the water-biofilm interface (38):

(S (trep =itz = Ozditz) [ grep),
Ord = uref(_ﬁf - az_d_ﬁf)/Qref —-V1+ (862617)28]_65”5',
Os

1]
—

(48)

QU O ]
I A
[=RES

A

=



An upscaled model for permeable biofilm in a thin channel and tube 15

Following van Noorden et al. (2010), we regularize the formulation of (48). First we let Hy
and H, be the set-valued Heaviside graphs

{0}, d <0, {1}, d<1,
Ho(d) =1 [0,1], d=0, Hi(d)=110,1], d=1, (49)
{1}, d>0, {0}, d>1,

where we set Ho(d = 0) = 0 and H,(d = 1) = 0. Observe that this choice guarantees that d;d
never becomes negative whenever d = 0 and positive when d = 1. Then, (48) is written as

d:d € Ho(d)H,(d) {uref(—af —8:diiz) [ qref — 1 + (£0:d)? ks 1l | (1— 97 )M + M7 )| |}
+[1 = Hi(@)]f~ (yef(—ity — 0z ditz) [ Gref)- (50)

For practical calculations, the multi-valued functions are replaced by regularized Heaviside
functions, defined by

0, d <0, 1, d<1,
Hso(d)=1d/s, de[0,], Hsi(d)=1{ (1+6-d)/s, de[l,1+6], (5D
1, d >, 0, d>1+56,

where ¢ is a small regularization parameter. Then, we can write (50) as
8:d = Hso(d)Hs 1(d)utrer(—ity — 0:ditz) | qref + [1 — Ho 1 (d)) f~ (uref(—ity — 0:diiz) [ qref)
~Hs.o(d)Hs,1(d)\ 1+ (e9zdP kser il |(T- 77" )M+ T ). (52)
Using (39-40, 45c¢, 47) for the lower-order terms we have
0rdo = Hs 0(do)Hs. 1 (do){[1 — (1= do)*|Z0 — kst 1l 07 G 2,01} + [1 = Hs 1(do)) f~(Zo). (53)
Using (44a), we obtain
0do = Hs o(do)Hs, 1 (do){[1 = (1 = do)*1Z0 — Ksr(1 = do)|0= o /2} + [1 = H,1(do)] £~ (Zo).

The original model is obtained when passing ¢ to zero (van Duijn and Pop, 2004), obtaining
finally

(G =L
drdy = | ~Fser(1 )0z pol 241~ (1 -do)IS0.  O<dp <L,
0, dy =0.

5 Discussion and comparison with other biofilm models

The extension from a channel (tube) to a porous medium is done by considering a stack of
channels (tubes) of void space and solid material (van Noorden et al., 2010), where we denote
by ¢ the porosity of the porous medium. As Steefel and Lichtner (1994) and van Noorden et al.
(2010), we assume that all tubes have the same diameter and are equally separated. Therefore,
multiplying the upscaled model equations by ¢, the corresponding core-scale mathematical
models are obtained. Table 2 shows the core-scale equations of the van Noorden model
(van Noorden et al., 2010), the porous medium formed by channels and the porous medium
formed by tubes, where v = ¢q is the Darcy velocity. The van Noorden model accounts for
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Table 2: Core-scale equations for the “channel, btube and ¢van Noorden models

Name Upscaled equation

Darcy v =—¢kc(d)dp/p, 9:v=0
Darcy? v =—¢kr(d)dplu, d,v=0
Darcy® v=—¢(1-d)d,p/3n, 8,v=0

Nutrients® O[pcOc] +0;[cv—¢Ocd,c/Pe] = —dppa64unc/(ky+c)
Nutrients” 0:[pcOF |+ 0;[cv — ¢O7d.c/Pe] = —[1 = (1 = d)*|ppaBaptnc/(kn + )
Nutrients® O (¢pc) + 0 (cv — pd,c/Pe) = —dppgpnc/(ky +C)

(@), d=1

Height® 8;d = { —kgr(1=d)|0,p| + dZ, 0<d<1
0, d=0
fi(z)’ d = 1

Height? 0rd =4 —kgr(1=d)|0,p|/2+[1-(1-d)?]Z, O<d<l
0, d=0
(@), d=1

Height¢ 8;d = { kg (1= d)|0,p| + dZ, 0<d<1
0, d=0

Bacteria®? 8,0, = Yy pin0ac/(kn +¢) = kresOy — 042

EPSa’h atge = (pa/pe)ye,unguc/(kn + C) - gez

Dead®:? 004 = pakresba/pa—0aZ

Reactions®” £ =(1-0y)" [(Yepa/pe +Ya)Oattnc/(kn+ )+ (pa/pa— DkresOal
Reactions® Y =Yaunc/(ky+c)—kres.

water flux, transport of nutrients and bacteria, bacterial attachment, detachment of biomass
due to erosion, growth of biomass due to nutrient consumption and death of bacteria. In
our model we do not include transport of bacteria and bacterial attachment. The reason
is because the pore-scale model was built based on laboratory experiments, where only
nutrients were continuously injected after inoculation of bacteria and biofilm re-attachment
was not observed (Landa et al., 2019). For the details of the upscaling on the thin channel
domain, see Appendix A.

From Table 2, we observe that for the Darcy flow, the permeability is different for the
three models. A discussion of these relations is given below in this Section. We observe
that the channel and tube models include the effects of the biofilm porosity and thickness
on the transport of nutrients. For the van Noorden model the nutrient consumption depends
on the biofilm height while for the channel and tube model the nutrient consumption also
depends on the volume fraction of active bacteria. Comparing the tube and channel model,
we observe a different function of the biofilm height, due to the cylindrical geometry. For
the biofilm height, the difference between the van Noorden and channel model is on the
term, where for the van Noorden model the total sum of reactions accounts for bacterial
reproduction and decay, while in the channel structure it also accounts for EPS. Finally, for
the bacterial, EPS and dead bacterial volume fractions, the model equations are the same for
the channel and tube models, while for the van Noorden model the active bacterial volume
fraction is constant with value 1.



An upscaled model for permeable biofilm in a thin channel and tube 17

Table 3: Core-scale equations for the model comparison (Chen-Charpentier et al., 2009)

Name Equation

Darcy v=-Kd,p, 09,v=0
Nutrients 0ic+0,(cv—D0d,c) =R
Porosity ¢=¢o(l-0p—0k)

Permeability K =Ko(¢/po)"?

Component B 9,0p =Ypupbpc/(kp+c)—kresOp
Component K 9,0k =Yk ug0gc/(kx +c)—kresOx
Reactions R=—-upOpc/(kp+c)—uxbkc/(kg +c)

In van Noorden et al. (2010), the authors compared their upscaled model with a well-
known macro-scale model by Taylor and Jaffe (1990), where a mathematical model for
an impermeable single-species biofilm including flow, transport and reactions is built. We
compare the two derived upscaled models with a macro-scale model by Chen-Charpentier
et al. (2009), where a mathematical model for impermeable multi-species biofilm including
water flow, transport of nutrients and reactions is built (Table 3). In this model the authors
considered a biofilm formed by two bacterial species which consume nutrients, reproduce and
die. The porosity of the core decreases as the biofilm grows which decreases the permeability
of the core.

In Table 3, K is the permeability, 65, ug, kg, Ok, ux and kg are the volume fractions,
maximum rates of nutrient utilization and Monod-half nutrient velocity coefficients of the
contaminant-degrading microbe and the strong biofilm-forming microbe respectively, ¢ and
Ko the clean surface porosity and initial permeability respectively and 7 an experimentally
determined parameter. In Chen-Charpentier et al. (2009), the porosity decreases as the
component concentrations increases. In our models, the porosity in the porous medium
decreases as the biofilm height increases. However, in Chen-Charpentier et al. (2009) the
authors do not include the detachment effects. The permeability in both tube and channel
models have different functions as a result of the different geometries and also because
of the water flow inside the biofilm. Notice that there is a quartic function of the biofilm
height in one of the permeability terms in the porous medium formed by tubes, as proposed
in Suchomel at al. (1998) and Mostafa and van Geel (2007). Unlike the equation for the
transport of nutrients in the Chen-Charpentier et al. (2009) model, the channel and tube
models include the effects of the biofilm porosity and thickness.

Porosity-permeability relations for evolving pore space is an active research field (see
Hommel et al. (2018) for a review of these relations and Schulz et al. (2019) for a recent study
providing porosity-permeability relations depending only on the underlying pore geometry).
Thullner et al. (2002) present the following relation which includes the biofilm permeability

— -\
(¢ ¢cm) Tk 1 (54)

K=K —
o ¢0_¢crit 1+k
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—B— Channel (k = 1071)
—A— Tube (k = 1071) "
Thullner (k = 1071 1
—}— Vandevivere (k = 107})
—©— Channel (k = 1073) - qF
—7 Tube (k =107%) WL L
Thullner (k = 1073) 2
|| =% Vandevivere (k = 1073) )/
— — van Noorden o VA

o
©
:

o
®
‘

e
3
‘

©
e}

i
o

Ratio of initial to reduce permeability
o
~

v,
N TS ey

0 01 02 03 04 05 06 07 08 09 1
Ratio of initial to reduce porosity

Fig. 3: Ratio of initial to reduce permeability of different porosity-permeability relations for
two different biofilm permeability values k.

where ¢, is the critical porosity at which the permeability becomes zero. Vandevivere
(1995) proposed the following relation of permeability and porosity for a plugging model

k
[(1-k/Ko)p/do]

where B is a relative porosity given by B =1 —¢/¢o and B, is the critical point where biofilm
begins to detach and form plugs. Fig. 3 shows our derived porosity-permeability relations,
the one derived by van Noorden and the two proposed relations by Thullner and Vandevivere
for different values of biofilm permeability. The values of parameters are ¢.;; =0, 17 = 1.76,
B. =0.1 (Hommel et al., 2018) and 6,, = 0.1. For a biofilm with high permeability k = 1071,
we observe a faster reduction of permeability for Vandevivere. As the biofilm permeability
k decreases, we observe that the van Noorden et al. (2010) model represents the limit case
in the channel model for impermeable biofilms. In general, we observe different behaviors
of the relations as the porosity decreases.

2
K = Kolexp(~0.5(B/B))] (q%) +[1=exp(~0.5(B/Bo )] —

(55)

We perform numerical simulations considering both effective models (channel and tube)
to compare the biofilm height over time. We consider two different porous media of length
L =0.1 m: the first one has pores formed by thin channels of height 2/ = 0.2 mm and the
second ones with tubes of diameter 20 = 0.2 mm. For the inlet boundary, we set p; = 2 Pa.
The injected nutrient concentration is ¢; = 1 kg m™>. The porosity @ is set to 0.4. Recalling
that biofilms are mostly composed by water, we set the water volume fraction in the biofilm
equal to 90%. We set the initial EPS and active bacterial volume fraction equal to 5%; thus
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Table 4: Model parameters for the numerical studies

Name Description Value References

7 Water viscosity 1073 Pas Well-known

DPw Water density 10° kg m™3 Well-known

Un Maximum growth rate  1.1x 107 57! Alpkvist and Klapper (2007)
kn Monod-half velocity 1074 kg m~3 Alpkvist and Klapper (2007)
De EPS density 60 kg m™3 Alpkvist and Klapper (2007)
Pa Bacterial density 60 kg m™> Alpkvist and Klapper (2007)
Pd Dead bacterial density 60 kg m™3 Alpkvist and Klapper (2007)
D Nutrient diffusion 1.7x107 m? s7! Duddu et al. (2009)

Y, Bacterial growth yield 0.553 Duddu et al. (2009)

Y, EPS growth yield 0.447 Duddu et al. (2009)

kres Bacterial decay rate 3.5x 1076571 Duddu et al. (2009)

k Biofilm permeability 107 m? Deng et al. (2013)

kser  Stress coefficient 2.6x107"%m (Pas)™!  Landaetal. (2019)

the initial dead bacterial volume fraction is 0. In Table 4, the values of parameters for the
numerical simulations are presented.

We implement the model equations in the commercial software COMSOL Multiphysics
(COMSOL 5.2a, Comsol Inc, Burlington, MA, www.comsol.com). A decoupled finite el-
ement algorithm is used to solve the mathematical model equations. Firstly, we solve for
the pressure and concentration. Then, we compute the volume fractions and biofilm height.
We iterate between both steps until the difference between successive values of the solution
drops below a given tolerance {. We perform numerical simulations and we compare the
results of the two upscaled mathematical models.

To check if there is a correspondence between the pore-scale and upscaled models as &
is close to zero, numerical simulations can be done for both models to compare the average
solution of one of the variables. Fig. 4 compares the upscaled model with the pore-scale
model in the channel for different values of &, where the percentage of biofilm on the whole
domain is plotted over time. We called this coverage area a and for the channel and tube is
given by

L
ac(t) = i / d(z,)dz| 100, ap(t) = 1-Q2LL / (0—d(z.0))dz[100  (56)
0 0

respectively.

For all numerical simulations, we fix the value of the height of the channel 2/, where
we set the initial biofilm height as d = [/5. Then, the length of the channel is changed
accordingly to match the value of &. We observe that the coverage area in the pore-scale
simulations approaches the one computed from the upscaled model as € gets smaller.

Fig. 5a shows the biofilm height along the length for both porous media for an injected
nutrient concentration of ¢; = 0.1 kg m™ (¢;/ k,, = 103). Initially, the left part (0 < z < L/2) has
a biofilm height of d = 1/2 (d = o/2 for the tubular pores) while the right part (L > z > L/2)
has a height of d = [/4 (d = p/4 for the tubular pores). This initial condition is given to
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Fig. 4: Percentage of biofilm coverage area over time for the upscaled model and for decreasing
values of epsilon.

study the biofilm development after clogging. We observe that the biofilm keeps growing
even though the left part of the pore is clogged. This result cannot be observed using the
van Noorden model because the water flux stops once the channel is clogged. Fig. 5b shows
the biofilm coverage area for different ratios of injected nutrients and Monod-half nutrient
velocity coefficient. Initially, the biofilm height is d = 0.1/ for the tubular pores and d = 0.19/
for the channel pores. This initial condition is given to study the biofilm development in both
porous media for the same initial biofilm coverage area. We observe that the biofilm grows
faster in the tubes when we inject enough nutrients and it grows faster in the channels when
we lower the injected nutrient concentration. To give a physical explanation of this result,
let us consider the case when the biofilm thickness is half value of the aperture (d=0.5).
Then, 50% of the cross-sectional area is biofilm for the channel while 75% for the tube. This
implies that in the tube the biofilm needs to consume more nutrients to have this thickness
in comparison to the channel.

6 Conclusions

In this work, we upscale a mathematical model for permeable biofilm considering a thin
channel and tubular pore geometries. The upscaled models differ mainly in the effective
permeability terms which are functions of the biofilm height. As & gets smaller, we obtain
that the percentage of biofilm coverage area over time predicted by the pore-scale model
approaches the one obtained using the effective equations, which shows a correspondence
between both models. After comparing with the model proposed by van Noorden et al.
(2010), it is possible to derive this model as a particular case of the channel model. The
derived upscaled models and the Chen-Charpentier et al. (2009) model are very similar.
In this manner, the upscaling provides additional support for this model. The numerical
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Fig. 5: Biofilm height (@) and coverage area () in the porous medium formed by channels
and tubes.

simulations show a faster increase in coverage area in the porous medium formed by tubes
than the one formed by channels when a large nutrient concentration is injected (c; / k,, = 10%).
These two upscaled models could be used to model porous media where the geometries of
the fractures are similar to thin channels or tubes. To validate the core-scale upscaled models,
designed laboratory experiments are necessary which is the subject of our future research.
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Appendix A: Upscaling of the mathematical model in a thin channel

In Section 4, we show with details how to obtain the upscaled model equations in a tube.
Following the same ideas, in this appendix we show how to upscale the model equations in
a channel. We consider a thin channel with height 2/, width w and length L. When the width
is much smaller than the height, experiments show that the growing of the biofilm occurs
only in the upper and lower walls along the channel (Liu et al., 2019). Therefore, we can
model the biofilm in the thin channel in a two-dimensional domain. Fig. 6 shows the different
domains, boundaries and interface in the rectangular geometry. To achieve non-dimensional
quantities, we use the reference values defined in Section 4 (ty¢f, Lref, Grefs Urefs Pref and
Ccref), Where we consider the height of the channel /.5 instead of the radius of the tube
Oref. We define dimensionless coordinates and time as j = y/l.ef, Z=2/Lrer and f =t /tyc5.
The thin channel is characterized by the ratio of its height to the length € = I, /L,.r. All
dimensionless variables and quantities are analogously defined as in Section 3, where we use
Iref instead of o,.r and we denote the dimensionless variables with ~ instead of ~.



22 David Landa-Marban'-2 et al.

Lo,s
— (0,1,0) (0,1,L)
—_— g Qent) L, Lyob(t)
v " Te,wb(t)
t&‘ Touw(®)| =, 22 Qcwl®) Tevou(t)
pay ‘ a . Fow(®)
d(z,t) T (t) 5 d(z,t) Qopt)Pv 3 Fen(t)
—w— (0_’ —1, 0) (0,-1,L)
FC.s
Fig. 6: Pore of length L, height 2/ and width w in Cartesian coordinates.
The dimensionless system of equations for the water flux is given by
aiqw,i +0:Gw,;: =0 in QC,w(f)a (57
(€202 G5 +03Gw.5) = € *O5pw in Qcw(@®). (58)
€02 G 2 + 03 Gz = Oz in Qc (@), (59)
O5qp,5 +02q4p.z =0 in Qc (D), (60)
(€025 +300.5) = 05 + T s in Qc (@, (©1)
w
[P yo 2+ N_ g~  H o~
5—(6 0:qp.z +054p,z) = 0zPp + T2 in Qc (@), (62)
w

w w

at T (@), (63)

205G 5 & P~ 2555 +67 Py = d:d [ai (85an.2 + 2025
- [ (‘9qu,2 +823267w,y)]

i (5y57w,2 +82326?w,y’) = 52617(2820—&32%,2 -Pb

w
—26%[10: G2 +ﬁw)
+ £ (ayq_b,z +82324_b,y) at T wp(D), (64)
O
(Gw.5> Gw.z) = @b.5 Gb.2) at T (@), (65)

(Gp.5> Gb,z) = (0, 0) on Tc . (66)
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The equations for the nutrients become
I Ty < S S A
076y, — %(E 2ay2cw + azzcw) + ‘9)7(QW,9CW) + aZ(QW,ZCw) =0 m QC,w(f),
iy v o 2 o s 5o B
0;(Ow Cp) — E(E 95¢Cp +0;Cp) + 05(Gp,5Cp) +02(Gp,2Cp) = Rp  in Qc p(1),

1 5o s L. . - 7 S
_@(6)75w - HWByCh) - (Chqh,)'z - Cwqw,)?) +0;d(0,,Cp — Cyy)

dsd
Pe

+——(8:8 — 0, 0:6) + 0:d(Co G,z — Ewlw.z) =0 at T wn(@),
& =0y at Tewn(@),
(95,51, =0 on fC,s
where Rb = _ﬁnéaﬁagb/(];n +Cp).
The dimensionless equations for the growth velocity potential are given by

Uref

(O5ily + 03iiz) = £ in Q¢ (7,
ref
(i, iz) = —(05D,620:®) in Qc (D),
®=0 at e (@),
ayé =0 on T g

where £ = (1 - é‘w)_l [(Yeﬁa/ﬁe + Ya)ﬁnéafb/(ién + 5b) + (ﬁa/ﬁd - 1)]2res9~a]~
The equations for the biomass components become

Uref Cp

afée+_(ﬂiaz~ée+ﬂiayée):Yeljnéaﬁz_a = - _éei in QC,b(f),
dref Pe kn +Cp
S pep & o
0i0q + —= (1500, +11:050,) = Yo fin0g =——— — kresBa — 0,2 in Qc b (),
dref kn +Cp
e o a o pas o .
004+ —(li50z04 +11z0504) = kyes — 0 — OaZ in Qc (),
ref Pd
—ayé[ +682(1762§[ =0 i€ {e,a,d} at fC,wb(f),
8;&- =0 i€ {e,a,d} on 1:C,5~
For the biofilm height we have
(@ - Oz ditz)uref [ Gref): d=1 )
6fd: _V1+(EBZJ)26];str§+(ﬁi_62Jﬁf)uref/chef’ O0<d<1 at 1—‘C,Wb(l:')
0, d=0
where
§=T-w7")aM+M")7||  at Te (@)
and

- G €D:Gs s
= S W:y) at T un D).
5 4w,z

(67)

(68)

(69)

(70)
(71)

(72)

(73)
(74)
(75)

(76)

(77)

(78)

(79)
(80)

@1

(82)

(83)



24 David Landa-Marban'-2 et al.

We define the average water velocity (§) as the following integral

1 -1—d~0 _(1_120) 1
(DED = Gw) D +{(gp) (2D = 5(/ . qw,z,od?‘*'/ Cib,z,odiﬂ‘/ i tib,z,odf’)-
~(1=dy) -1 1=dy
(84)

We define the following space regions in the channel

[1h

N

= {F|1-d<§<1 Az <Z<z+62),
{FF| <1-d A 21 <7< 71+6z),
(| -1<y<-(1-d) A z1 <Z <z +62)

[1]
I

3

[1]
-
1]

Integrating (57) and (60) over the previous regions and using the Gauss’s theorem yield

= / v-qbdm/ V-qde+/ V-GpdV
g g g

21+62 1-d
= 2/ qW'V‘y“:l—JdZ"'/ . (CIW,Z|5=Z]+§Z_QW,2|Z:Zl)dy
21 -(1-d)

Z1+0z —(1-d)
_/ (qb 'V|y~:—(1—d) *t4qp 'V|y~:—1) dz+ /1 (qb’ziizzﬁ&z - q”,i|z:z1 ) dy
2 _

1
21+02 1

—/Z (qb-v|y~=1+qb'v|9:1_3) dz+/1 d~(qb52|z"=z]+6z_qb’z|2=zl)dy'
] -

Recalling the no-slip condition for the water flux on the wall (66) and the continuity of
fluxes at the interface (65), the previous equation becomes

4

1-d —(1-d)
/_(1_3) (qw*5|2=21+6z B qwi'izm ) dy+ /_1 (qb’zlizzﬁ-éz B qb’Z|Z=ZI ) dy

1
+ /1—:1 (lib,2|g:zl+5z - qb,z|2:z1 ) dy =0.

Dividing the previous equation by ¢z and letting 6z approach zero, we obtain for the
lowest-order terms in €

0:(q) = 0:(Gw )%, 1) + 0:(gp)(Z1) =0

where we use the definition of the water velocity (g) (84).

The lowest order terms in the Stokes model (57-59) lead to
05Guw,5.0+ 02Gw,20 =0, O5pw0=0,  fi03Gw 20 = 0z Pw.0- (85a,b,¢)
From (85b), we conclude that p,, o does not depend on the j coordinate. Analogously, for
the Brinkman model (60-62), the lower-order terms in € give
05Gp.5.0+0:Gp20 =0, O5Ppo=0, [i05Gp.z.0/0w — fidp.z.0/k = 0:pp0.  (86a,b,c)

From (86b), we obtain that pj, o does not depend on the j coordinate and from the lowest
order terms in (63) we conclude that p,, o(Z,7) = pp,0(Z,7) = po(Z,7). Integrating twice (85)
and (86) with respect to ¥ and using the symmetry, interface and boundary conditions
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(64-66)
7\ %po ; sa_ 1) %P0
qw,z,o=(3+v) ER, Gpzo= (Wtexe PR ZR, (87ab)
Jui

where A = /0, /k and the coefficients are given by

(& 4 B)(em 0t 4 A0ty — \[EG,, (e~ DA — Do) 2

il

e~dod 4 pdod
ke"t —\kf,, het ke " 4k, he
W= _—, = = =
e—dod 4 pdod e—dod 4 pdod
where h = 1 —dj.

To obtain the water velocity defined in (84), we integrate (87) as follows

= l—(jo ~2 —(l—JU) . . 5
@)= az’fo / (y—+v)dy+2 / (Wey’l+Xe’y/l—k)dy
2f | J_q-dgp\ 2 -1
3 We (e — 1) — Xet [e=dod - | v
B P e e e o 9
6 A f
d
Kc( 0)6 _

= T 2P0
J7i

This is the Darcy’s law (§) = —kc(dy)ds po/ fi, where k¢ (dp) is the effective permeability
given by

ke (dy) = A V- We (6‘7“1 - 1) ~ Xet (e—tf()/l B 1)

6 1 +kd().

The growth velocity potential equations (72) and (73) for the lower-order terms in € are
ref(Byiis,o + 0ziiz,0)/gres = Zo, iiy0 = =05y, iiz0=0 (88)

where the conditions at the interface (74) becomes @ = 0 and wall (75) becomes O dy =0.

In dimensionless form, the volume fraction equations (76-78) are
070, + ref iy 050; + 1:0:0;) | qrer = Ri — 0;2 (89)

with i = {e,a,d}. We focus on biofilms where the biomass components change slightly
along the ¥ direction, resulting in the approximation 6; o(¥,%,7) = 6; o(Z,7). Using (88c), the
lower-order terms in (89) are

8:0i,0 = Rip— 0 0. (90)

Integrating (88a) over j and using the boundary conditions (74-75) one gets

5,0 = Gref2o(F + 1)/ ures. 91
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For the nutrients, integrating (67) and (68) yields

1-d

I YT < I . g

/ . [afcw N (6 zaécw +622Cw) + ai(('Iw,wa) +02(CIW,ZCW)] dy =0,
-(1-d) Pe

- g
2/ [55(9w5b) - P—w (6_2992517 +3§5b) +05(Gp,5p) + 02(Gp,2Cp)
—1 (S
Cp
n +5b

+/jn§aﬁa = dy =0.

>~

Interchanging the integration and the differentiation operators, these equations become

1-d 1-d)
6;(/ cwdy)+28,dcw| D~ l/ (3 Cw — qw,sz)df 92)
—(1-d) (1= d)
1
—2(9 d( (9 CW qw,ifw) —2( > 6 Ew_qw,ygw) =0’
y=-(1-@)  \€°Pe y=—(1-d)
a-d) _ o
2a;( /_ 1 ewebdy) =20, 3:des;__,_g)
-4 (g, (O
—20; / —=0:Cp — G 2Cp |dF | +20:d | 5= 028 — G 2Cp 93)
-1 Pe Pe y=—(1-d)

é o (1-d) B & y
+2( 05¢p — Gp ycb) +2,unpa/ 04— dy =0.
-1

y=—(1-d)

Next, the lower order terms in the equations for the conservation of nutrients (67-68) are
6y?c~w,0 =0and 6ygfb’o = 0. The interface coupling condition (70) becomes ¢ o = ¢y, While
the boundary condition on the wall (71) becomes 05¢5,0 = 0. The symmetry in j implies
that both nutrient concentrations do not depend on ¥, resulting in

Ew.0(ZF) = Cp.0(Z,F) = ¢o(Z,7). Using the aforementioned results, both equations (92) and
(93) can be written as

. 2-2d 1-do
05[¢0(2 —2dp)] - 0; ( P 0 5250) +0; (50/ . qw,z,odﬁ) =0,
¢ ~(1=do)
o

~(1=do) 5 .
Gp.z,0d¥ | +2dofinfaba0 7 =0

ntCo

6,‘(2d~09~WC~0) - 3 (2d0 0z Co) + 6 ( /

-1
where we use the interface condition (69). Then, adding both equations we finally obtain

Oc(do,0y,)
Pe

Co

3 1é0Oc (do,0w)] + 05 | () —

6260] = _JOﬁnéa,Oﬁa = -
kn + Co

where we define O¢(do,8,,) as

@c(do, )— 1—d0+9 d()
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We focus on the water-biofilm interface (81):

(s el ey [ grer ) =1,
0id = -1 +(Eazd~)2€lzs;rﬂ§+ (I/le” _aijﬁi)“ref/qref" 0<d< 1,
0. d=0

Using the set-valued Heaviside graphs (49), we can write the previous equations as
drd € Ho(d)H, @{ — N1+ (ed:d ek fill(1- 797 )0+ W7 )| (94)
g azaiazluref/qref} 1= Hy (@)~ (s — 92082y drer).
Using the regularized Heaviside functions (51), we can write (94) as
Ond = o) (D] = 1+ (€0 el 1 957 -+ 1
+[idg - aidNﬁi]uref/qref} +[1=Hs 1(d)] f~ (il — 0:dilz)uref | Gre)-
Using (82-83, 87a, 88a, 91), for the lower-order terms in € we have

8rdo = Hes,0(do)Hs,1(do)[—kyer (1= do)|0z ol + doZo] + [1 = Hs,1 (do)] f~(Z0).

Letting ¢ go to zero in order to return to the non-regularized formulation, we get

(G o do =1,
Opdo = | —ksir(1=do)l0zpol +doXo, 0 <do<1,
0, dp =0.
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